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Abstract

In this article we give a necessary and sufficient condition for a self-
normalized weak invariance principle, in the case of a strictly stationary
¢-mixing sequence {X,};>1. This is obtained under the assumptions that
the function L(z) = EX71{|x, <z} is slowly varying at co and the mixing

coefficients satisfy » ., % (n) < oco.
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1 Introduction

Let {X,};>1 be a sequence of independent identically distributed random vari-
ables. The fact that the average X,, of the first n observations (or their sum
Sp = Z?:1 X;) has an asymptotic normal distribution lies at the foundation of
the statistical inferences on the population mean y = EX;. If 02 = Var(X;)
is unknown (or is infinite), then a statistician will normally replace it by the
sample variance U7 = (n —1)7' 37 (X; — X,,) and use the t,,_;-distribution
instead of N (0, 1), provided that the distribution of X; is “approximately” nor-
mal. This is justified by the following fact: if the distribution of X; is normal,
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then the t-statistic
Xn — K

= U.jvn

has a t,,_1-distribution.

Suppose for simplicity that u = 0 and let V2 = 377 | X7. By observing
that T, has a simple expression in terms of the self-normalized observations
{X;/Vp}j=1,. n, Giné, Gétze and Mason showed in 1997 that T;, < N(0,1), or

equivalently S, /V,, 4N (0,1), if and only if the following condition holds:
(@) L(z) = EX71{x|<s} is slowly varying at oo.

(see [7]). This proved a long-standing conjecture of [9].

Other fluctuation results for the sequence of self-normalized observations
have been proved by various authors: the law of iterated logarithm was obtained
in [8], the Berry-Esseen theorem can be found in [1], the large deviation principle
was proved in [17] and the functional central limit theorem is due to [12]. A
common feature of all these results is that the distributional assumptions under
which a self-normalized limit theorem would hold are in general milder than the
assumptions of the corresponding classical limit theorem; in particular, most of
these results do not require that the variance be finite.

The recent paramount result of [4] showed that under (C), the behavior
in probability of the self-normalized process {S[,4/Vi }iepo,1] coincides with the
behavior of a standard Brownian motion W = {W(t)};[0,1]- More precisely, on
an appropriate probability space we have

sup
te(0,1]

= op(1). (1)

Sty Wi(nt)
Vi,  Jn

To prove the analogue of (1) in the sense of almost sure convergence is an open
problem. In fact, the following weaker version of it remains a conjecture, posed
by Shao in 1998 (see [18]):

Siy) ~ W(nt)

Ve  n

In the present paper we will prove that an analog to the weak invariance
principle (1) holds for a strictly stationary ¢-mixing sequence of random vari-
ables. This will be done under the assumptions that (C) holds and the mixing
coefficients satisfy the condition Y -, ¢'/2(n) < cc.

As far as we know, this is one of the first results in the area of self-normalized
limit theorems for mixing sequences without any moment assumptions. We
note in passing that self-normalized limit theorems for martingale difference se-
quences with finite variance are well-known (see e.g. [5]).

sup
te0,1]

‘ = o((loglogn)*/?) a.s.



We should point out that in the case of a ¢-mixing sequence, one cannot
obtain exactly (1), even if the variance is finite. To see this assume that {X;};>1
is a strictly stationary ¢-mixing sequence such that EX; =0, EX? = 0% < oo

and 37,5, [EX1X;| < co. Then it is known that S, /(09/n) A N(0,1), where
o5 = 0> +23 5, EX1X; (see e.g. Theorem 18.5.2, [6]). On the other hand, it

is not difficult to see that V,,/(ov/n) £ 1. Thus, Sn/(BVy) <, N(0,1), where
B = 09/o. Note that in general § # 1. We conclude from here that the proper
“self-normalization” for the sequence {X;} =1, , should be GV,,.

Throughout this paper we use the notation a,, ~ b, if a,,/b,, — 1. We denote
with C' a generic constant that may be different in each of its appearances.

2 The main result

We begin to introduce the notation that will be used throughout this paper.
A sequence {X,},;>1 of random variables is called ¢-mixing if ¢(n) — 0 and
p-mixing if p(n) — 0, where

¢(n) == sup (MY, M),  p(n) := sup p(Mf, M2,
k>1 k>1

G(MT, M%) = sup{|P(B|A) — P(B)|; A € M}, B € M.}
p(MP, o) i= sup{|corr(U,V)|; U € LA(MY), v e LY hoen)}
and M? denotes the o-field generated by X, Xai1,. .-, Xp. It is known that
p(n) < 2¢'/2(n); hence a ¢-mixing sequence is p-mixing.
There is an immense amount of literature dedicated to limit theorems for
mixing sequences with finite variance; see [10] for an excellent review on this

subject. However, very few results are available in the case of infinite variance.
Among these, the following plays the role of the “central limit theorem”:

Theorem A. (Theorem 1, [3]) Let {X,};>1 be a strictly stationary sequence
of nondegenerate random wvariables such that EX; = 0 and (C) holds. Let
S, = Z?:l X;. If p(1) < 1 and

S o) < oo 2)

n>1

then S, /A, <, N(0,1), where A2 = Var(37_) Xjlqx;|<n,y) and {nn}tn>1 is a
nondecreasing sequence of positive numbers satisfying n2 ~ nL(ny).

Note that the “functional” version of the previous theorem has been obtained
in [15]. It is not difficult to see that under the hypothesis of Theorem A, we
have B2 := > Var(X; 1 x; 1<n.y) ~ nZ. On the other hand,

CnZ < A2 < O (3)



(see (3.13) of [3]). However, it is not clear whether lim,, ., A2 /B2 := 32 exists

and is finite. Since one can easily prove that V,2/B2 L1 (our Proposition 3.4),
from Theorem A one immediately obtains the following result:

Theorem B. Let {X,};>1 be a strictly stationary sequence of nondegenerate
random variables such that EX; = 0 and (C) holds. Suppose that p(1) < 1 and
(2) is satisfied. Let S, = Z?Zl X and V2 = Z?Zl XZ. Then

Sh , s -

A 4, N(0,1) if and only if A2 ~ B*B2.

Remark: It is possible to prove that if

n

e > Cov(Xilqx,i<n.p Xilqx,1<n.)) = @ > —1/2

then AEL ~ [323% with 32 = 1 + 2a. Note that a similar condition was used
in [13] to obtain the central limit theorem for ¢-mixing sequences without any
moment assumptions.

In the present paper, we consider only ¢-mixing sequences which satisfy
> 6% (n) < oo (4)
n>1

Moreover, it turns out that for our purposes it is better to use the truncation
technique of [4], which differs slightly from that of [3], [15]. More precisely, we
let

Ai = Var(z Xj1{|Xj\SVIj})7 BZ = Z Var(Xj1{|Xj‘§m})
Jj=1 j=1
where 02 ~ nL(n,) and 1, < 7,4+1. We are now ready to state our main result.
Theorem 2.1 Let {X,;};>1 be a strictly stationary sequence of nondegenerate
random variables such that EX; =0 and (C) holds. Suppose that ¢(1) < 1 and
(4) is satisfied. Let S, =>7_ ) X;j and V7 = 30| X3
The following statements are equivalent:

(a) A7 ~ BB;.
(b) Sn/BVi % N(0,1).
(¢) Sne/BVa <, W (t) in D|0,1] endowed with the sup-norm metric.
(d) Without changing its distribution, we can redefine the sequence {X;};>1

on a larger probability space together with a standard Brownian motion W =
{W(t)}+>0 such that for some suitable constants si we have

Sy W(shn)
ﬁVn Sn

= Op(l).

sup
te[0,1]




The statement (d) = (c) is straightforward; for the sake of completeness we
include its proof in Appendix A. Also, it is clear that (c) = (b).

To see that (b) = (a), we first prove that A2 ~ A2 (see Appendix B). Using
Theorem A, it follows that S, /A, 4, N(0,1); this combined with the fact that

Vi/Bn £ (our Proposition 3.4) imply that

Sn

ATBIV. 4, N(0, 1). (5)

From (5) and (b) we conclude that (a) holds.

The remaining part of this article is devoted to the proof of (a) = (d). For
this we let Xj = le{\XﬂSnj} and S’n = E?:l Xj.

The argument is based on the idea of replacing the original sequence with
the truncated sequence { X;},>1, approximating the random variable V2 by B2,
establishing the weak invariance principle for the sequence {X;/B,}j=1....n and
then proving that B, ~ s,. Indeed, we have the following decomposition:

Sk W(S%) Sk Sk — Egk Sk — ES']C S’k — ESk
X - —=| < — — —— |[+max - +
k<n | BV, Sn k<n | BV, BV, k<n BV, 6B,
S~ ES,  W(s}) W)  W(sh)| _

In the next sections we treat separately each of the four terms.

3 The first two terms

Let X; = Xjl{x,|>n;} and note that EX; = —EXj. We begin with some
auxiliary lemmas.

Lemma 3.1 (Lemma 1, [4]) Let X be a random variable with EX = 0 and
L(z) = EX21{|X\§,T}- The following statements are equivalent:

(a) L(x) is a slowly varying function at co;

(b) P(1X| > ) = o( L());

(¢) zE|X|1{ x>z} = o(L(2));

(d) E|X|*1x|<z = o(z* 2L(x)) for oo > 2.

Lemma 3.2 If (C) holds, then Y77, E|X;| = o(n,).

Proof: We write

n n

Y EIX;| = nEIXu|lyx, s + D BIX1 1, <ix; 1<)

j=1 j=1



and we note that nE|X1|1{‘X1‘>77 y < C2 L7 () E| X111 x, 50,3 = 0(1n),
using Lemma 3.1.(c) and Z 1 E|X1|1{m<IX1|§nn} = o(ny), using (20) of [4].
O

Lemma 3.3 If (C) holds, then B2 ~ n?.

Proof: We write

Bl => (EX} - => L
j=1 j=1
We have S0, L) ~ nL(,) using (9) of [4], and S, (EX,)? < (X, EX,)? =
o(n2) by Lemma 3.2. O

3

J:1

Proposition 3.4 If (C) and (2) hold, then

V2
In Poq
By
Proof: Note that
V2 1 « S B B
=g LT EX) g ) X4 g ) (BX)
n =1 n =1 n =1

By Lemmas 3.2 and 3.3 we have B,? Y7 | X7 < (B, ' Y21, |X;])? = op(1).
It suffices to prove that

5 Z - Bx2) 0.

For this, we note that {X]2 - EXj }i>1 is a ¢’-mixing sequence with coefficient
¢'(n) < ¢(n). Using Lemma 2.3, [14], Lemma 3.3 and Lemma 3.1.(d), we get
2

%E > (X} - EX}) <C—maxE(X —EX?)?<C— EX4—O()

By Lemma 3.2, Lemma 3.3 and Proposition 3.4 we get
By
Ji(n) = Wmaﬂsk ES| < o ﬁB Z | X,| — E|X;|) = op(1).
We have
|9k- — ESy| <|Bn
kgn 6B, | Va

and hence J2(n) = op(1), provided that J3(n) = 0,(1) and J4(n) = op(1). This
will be proved in Section 4, respectively Section 5.

Jo( ’—1 —1‘ (Jg(n)+J4(n)+Ig12;<W(7f'2€)|>

S




4 The third term

For the third term Js(n), let H;, I; be the long, respectively short blocks with
|H;| = [ai® " exp(i®)], |I;]| = [ai® " exp(i®/2)]

for some a € (0,1).
Let N, = > | card(H; U I;) ~ exp(m®). Clearly, for each n there exists a
unique m,, such that N,,,, <n < Ny, +1; we have m,, ~ (logn)®. Let

U; = Z(Xj_EXj)v Ui:Z(Xj_EXj)~
JjEH; jel;

Proposition 4.1 If
Z¢1/2(6ka/2) < 00

k>1

then without changing its distribution, we can redefine the sequence {u;};>1 on a
larger probability space together with a sequence {Y;};>1 of independent random
variables such that Y; has the same distribution as u; and for all m > 1

|zm:ui—§:Y;|§C a.s. (6)
i=1 i=1

Proof: We apply Theorem 2, [2] with X} = ug, L = o(uy) and

by = sup IP(BJA) - P(B)| < 6(Ix]) < 6(e*"/?).

A€o (u,...up—1);BEc(uy)

We conclude that without changing its distribution, we can redefine the sequence
{ug }r>1 together with a sequence {Y} }1>1 of independent random variables such
that Y), has the same distribution as u; and for all £ > 1

P(lu, — Yi| = 6¢1) < 6.
Since D ps1 @k <D gy $(e**/?) < 00, by the Borel-Cantelli lemma we have
|7.Lk - Yk| S Cgf)k a.s.

Hence | Y7 ju; — > Y| <7 Jui = Y| < CY " ¢ < Cforallm > 1. O

Using Sakhanenko’s theorem (see Theorem B, [16]), without changing its dis-
tribution we can redefine the sequence {Y;};>1 together with a sequence {Y;*}:>1



of independent normal random variables with EY;* = 0, EY;*?> = ¢}? such that
for every M and for every z > 0,0 > 0

(g{lgﬁlz:y ZY*' > x) < Cges ZE|Y|2+5 (7)

Clearly, without changing its distribution we can redefine the sequence {Y;*}i>1
together with a standard Brownian motion W = {W () };>0 such that W (s}?) =
o, Yy for every m. In particular W(s7) = W(s;2 ) = >4 Y;*. Note that

Sk — ES) —Zuz—i—sz—i— Z (X; — EX;).

J=Nm, +1

We are now ready to treat the third term. For any € > 0 we have

P () > £/8) = P (max |$i - BS, - W) > B

k m
< - ) — *
o ( NET I SUED LT DG B2 ES aEECH
Jj=Nm+1 i=1
i eB, i eB,
< P .
< p (e 15 3> ) o (e S50 ) o
k eB
Pl i, ) 2 B BRI T
J=Nm+1
m 6B
P<>HZY 21> ")—Hm+&w+%m+&m.
Using (6), we have P;(n) = 0 for n large. The following results will show that

6),
lim,, o Pi(n) = 0 for ¢ = 2,3,4. This will conclude the proof of J5(n) = op(1).

Lemma 4.2 Suppose that (C) holds. If $(1) < 1 and (2) is satisfied, then

m Bn
Pg(n):: (maX|Z’Ui|>€4 >—>0 as n — 00.

Proof: Note that > |I;| < Cn'/2. Using Lemma 2.3, [14] for every m < m,,

ZEU <CZ|]\ maxEX2<C’L (1) Z|I|<CL( Jn2(8)

i=1 i=1 i=1



and E (3", v)” < m>." Ev: < Cmy, L(n,)n'/2.
Note that the sequence {v; };>1 is ¢-mixing with coefficient ¢(*)(n) < ¢(e™").
Using Proposition 3.2, [11], we get

m 2 m
E max (Z vi> < C max E(Z v;)? < Cmyp L(n,)n''? = o(n?)
i=1

m<m, m<m,, ‘
i=1
The result follows by Chebyshev’s inequality. O

Lemma 4.3 Suppose that (C) holds. If $(1) < 1 and (2) is satisfied, then

k
- - eB
Ps(n):=P nax nggg)]ilmﬂ | Z (X; — EX;)| > Tn — 0 asn — oo.
J=Nm+1
Proof: By Markov’s inequality we get
U y eB
< - . ——n
Pyn) < ) P max | ) (K- BX)l>—
m=1 j=Nm+1
245
c & LA .
< — R .
S w2l Bl mey |2 (K- X))
n m=1 j=Nm+1

Using Proposition 3.2, [11], Lemma 2.3, [14] and Lemma 3.1.(d) we have: for
every m < mpy

& 246 & 246
. _ FX. < _EX.
E Nm <I£g?7(v7n+l | . Z (Xj EXJ)l - C m<rillg?7{vm+l E Z X] EXJ)
J=Nm+1 j=Npm+1
< C{(Nms1 = No) P2 L(nn, )2 4 (Ng1 = Non)o(niy,, L(1v,,))}
< 0{2‘H7n|1+6/2L(77Nm)1+6/2 + 2|H7n|0(77?me(77Nm))}'
Hence
C 1+6/2 mMn C My,
P3(n) < 2+5 Z [ Hopn [0+ ) > [HuloR, Lnw,,)) == P5(n)+P5 (n).
m=1
Note that
i \H,,[1+5/2 < ¢ Z i (@=1)(24)/2 (24+6)m" /2 _ i o(me—Le@+om* /2)
m=1 m=1 m=1
_ 0(6(2+5)m:'/2) — 0(n1+6/2) (9)



and hence Pj(n) = o(1). For the second part we use >_. |H;| < Cn. Hence

c o _
P (n) < Wo(n?van(nNmn)) > [Hpml = o(n,*L(1n)) n = o(1).

m=1

This concludes the proof of the lemma. O

Lemma 4.4 Suppose that (C) holds. If (2) is satisfied, then > ;- Elu;|**° =
o(n?*%) and hence

m m Bn
P4<n>:=P<mng¢;<|ZE—ZW|>E4 )~o as n— .
= =1 i=1

Proof: Using Lemma 2.3, [14] we obtain that

DBl < O [H 2 max(EXP)T2 4 C Y | Hy| max LK
i=1 i=1 ‘ i=1 ‘

= T1 (n) -+ TQ(?’L)

We treat separately the two terms. Note that for every i < m,, we have
max;ep, (EX?)19/2 < L(n,)' /2. Using (9) we get

Ty(n) < CL() */2 N [H W% < OL(n,) 9 20(n'0/2) = o(5210).

i=1
For the second term, note that by Lemma 3.1.(d) we have for every ¢ < m,,

2446

s )
JG%E\XHH < E|XN,,,

=o(nX,, L(1w,,.,)) = o(n) L(1n)).

We conclude that

Mnp

To(n) < o L(na)) Y |Hil = o(n, L(na)n) = o(; ).
i=1

The final statement of the lemma follows by (7). O

5 The fourth term

‘We have )
LG

k<n Sn

Sn
BB

Since maxy<, |W(s2)|/s, = Op(1), the fact that J4(n) = op(1) will follow from
(a) and the following lemma.

-1

J4(n) =

10



Lemma 5.1 If (4) holds, then s? ~ A2.

Proof: By Lemma B.1 (Appendix B) and (3), it suffices to prove that A2 —s2 =
o(n?). This will follow from

AN,.., = sn=o0(n) (10)
AL = AR, = o) (11)

To prove (10), we note that A%, = E(SN —ESNm”) =E (u + vl))2
and hence

mMn My Lz My
N, ZEU +2ZEuvl+QZ Z E(u; + v;)(uj +vj)
i=1 j=i+1

By (8), we have Y./, Ev? = o(n2). Using Theorem 17.2.3, [6] and (4)

|Euivi| < > > |EXp X—(EXR)(EX)| <2 Y Y 6" 2(1—k)(EXP)V2(EX])?
keH; lel; kEH; lET;

<2L(n,) Y L] ¢(N; + [Hi| — k) < CL(na) 1|
keH,;

and |7 Bugvy| < CL(nn) Som |I;| < CL(n,)n/? = o(n2). Tt remains to
prove that

> Z (i +v3) (uj +v;) = o(ny). (12)
=1 j=i+1

For this we treat separately the four terms. Note that Bu? < C|H;| maxcp, EXJQ <
CL(ny,)|H;| for every i < m,,. Using Theorem 17.2.3, [6]

| Buiug| < 2012(IL])(Bu?)'2(Bu3)'/? < CL(p)o" 2 (1) | Hil /2| Hy 2.

By Kronecker’s lemma, under (4) we have Y771 ¢'/2(|1;]) |Hi|'/? = o(|H;|/?).
Hence

13 S Bua| < CL(, Z FARE ZW (L) [Hil 2 = Lna)o(>_ 1H,))
i=1 j=i+1 Jj=1
= L(1m)o(n) = o(ny,).
For any ¢, =1,...,m, with i < j we have
|Boiug| < )0 D0 IEX X —(BX)(EX) <2 ) ) o' 2(1-k)(EXP)VA(EXP)?
kel; l€H, leH; kel;

11



< CL(mn) Y 1| 21 = Ni) < CL(nw)|Li].
l€H;

From here we get immediately | >2i™5 77 ) Evius| = o(n;). The other two
terms in (12) are similar.
To prove (11), note that

2

AL =A%, +E| > (X;-EX))| +2 >  E(X;-EX;)(SN,., ~ESN,.,)-
j:N'rrl¢L+1 j:NnLn—‘rl

X N2
By Lemma 2.3, [14], E(Z;;Nm e —EXj)) < C(n — Ny )L(1n) =
o(n)L(n,) = o(n?). Using Theorem 17.2.3, [6] and (4)

n Ny, n
> EB(X; - EX;)(Sn,, —ESn, )| <> Y. |EX:X;—(EX))(EX;)| <
j=Nm, +1 i=1 j=N,,, +1

N, n
2y ST VR - )(EXHYHERDY? < CL(na) (0~ Nw,) = o(n?).
i=1 j=Np, +1

The proof of the lemma is complete. O

A The proof of (d) = (c)

Since {W(s[znt])/sn;t €[0,1]} 4 {W(S[Qnﬂ/s%);t € [0,1]}, it suffices to show that
sup W (s2,1/53) = W(t)| = op(1)
t€[0,1]

which in turn will follow from

To prove this, note that

B? k 1 1 k .
nL(;;n) “n Z(L(nn) — L(ny)) — Z(Exj) .

12



Hence, using (19) of [4], Lemma 3.2 and Lemma 3.3 we get
B &k

BQ_n

B2

1) + Bi _k
- max
~ |nL(n,) k<n

nL(n,) n|

max
k<n

This concludes the proof of (d) = (c).

B Equivalence of the two variances

Lemma B.1 If (4) holds, then A2 ~ A2,

Proof: By (3), it is enough to show that A2 — A2 = o(2).
For each j =1,...,n let Xjn =X, 1{‘X S} and Xjn =X 1{|X [>7n} - Simi-
larly to Lemma 3. 2 one can show that Z LVEIX = o(nn) Note that

n
Xin) + ) (EX;)+

1 j=1

— A% = (L(n.) — L(ny)) —

n n
Jj=1 Jj=

23 ) (Cov(Xin, Xjn) — Cov(X;, X;)).
i=1 j=i+1
Using (19) of [4] and Lemma 3.2, it is enough to prove that

n n

Y D (Cov(Xin, Xjn) — Cov(Xy, X;)) = o). (13)

i=1 j=i+1
Note that X, = X; + X7, where X7, = X;1¢, <|x,|<y.}- We have

Cov(Xi’n,Xj’n)—Cov(Xi,X )= Cov(X/,, X )—I—COV(X*

7,n?

X;)+Cov(Xi, X7,).

Using Theorem 17.2.3, [6] and (4) we get

|Z Z COV(X;H, ‘<QZ Z ¢1/2 X’L*?L)l/z( X;.El)l/zé
i=1 j=i+1 =1 j=i+1
202 () > (L(na)—L(mi))7? > ¢"2(j—i) < CLY? () > (L ni)'/2.
i=1 j=i+1 i=1

From (19) of [4] it follows that 3" | (L(1,) — L(1m:))'/? = o(nL'/?(n,,). Hence
E" Z;L 1+1 COV(XZ ,n? X* ) - 0(771%)

Using a similar argument one can show that Y 1 | Y7 it
o(n?) and Yo, > it Cov(X;, X7,) = o(n?). The proof of (13) is complete.
O

Cov(X},, X;) =

Z’I’L’

13
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